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Abstract
Let K6 denote the class of all 6-regular graphs which admit an embedding into the Klein bottle.
Using the characterization of graphs in K6 we find minor minimal graphs in K6. As a corollary we
show that (i) every 6-regular Klein bottlal graph contains a 6-connected minor, and (ii) no 6-regular
graph admits an embedding in both the torus and the Klein bottle.
© 2004 Elsevier Ltd. All rights reserved.
1. Introduction
A classical theorem of Tutte [16] states that every 3-connected graph contains K4
as a minor. Several years later Halin and Jung [8] have proven that every 4-connected
graph contains K5 or octahedron K2,2,2 as a minor. As K5 and K2,2,2 are minorwise
incomparable, we may say that K5 and K2,2,2 are the only minimal 4-connected graphs,
and that K4 is the only minimal 3-connected graph.
We do not know the complete set of minimal k-connected graphs for any k ≥ 5.
However, it is conjectured [3] that there exist exactly six minimal 5-connected graphs.
The set of all minimal 5-connected graphs which embed in the projective plane is known
[4, 6], and also the set of minimal 6-connected toroidal graphs has been determined [5].
These results also suggest that it may be fruitful to consider minimal k-connected graphs
which embed in some fixed surface.
It follows from the Euler formula that a graph with minimum degree 6 embedded in the
torus or the Klein bottle is a 6-regular triangulation. This also implies its face-width is at
least 3. Altshuler [1] found a characterization of 6-regular toroidal maps. Later, Negami
[12] proved that a toroidal 6-regular graph has a unique toroidal embedding and is also
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6-connected. Negami [13, 14] and Thomassen [15] characterized 6-regular graphs which
embed in the Klein bottle.
In this paper it is shown that there exist exactly three minimal 6-connected graphs, which
admit an embedding in the Klein bottle. An offspring of this characterization is a theorem
which states that no 6-regular graph embeds in both surfaces, the torus and the Klein bottle.
Such a result was already, by different methods, proven in [10]. It also follows that every
6-regular Klein bottlal graph, which may not be 6-connected, contains some 6-connected
minor.
Graphs in this paper do not contain parallel edges, and with the exception of one graph,
all are finite. Graph notation from [2] is used. We refer the reader to [7] for details on
graph coverings and to [11] for details on graph embeddings and curves in surfaces. If G is
embedded, then the face-width of G is the minimal number of (closed) faces, whose union
contains an essential curve. In case G is a triangulation, the face-width of G equals the
length of some shortest noncontractible (or essential) cycle, and is, in particular, at least 3.
2. Results
The Klein bottle N2 contains, up to homeomorphism, precisely three types of simple
essential curves [9]. A simple closed curve M is called a meridian if it cuts open
the Klein bottle into a cylinder; M is nonseparating by definition and also orientation
preserving. A longitude is an orientation reversing simple curve, which has a single
(transversal) intersection with some meridian. An equator is a separating essential simple
curve homotopic to the square (in the homotopy group) of a longitude. An equator cuts the
Klein bottle open into a pair of Mo¨bius bands.
We present the Klein bottle as a rectangle, in which the horizontal and vertical sides are
identified, respectively. We shall always identify two points with the same x-coordinate
along horizontal sides, and two points along vertical sides, if the sum of their y-coordinates
amounts to the height of the rectangle. In such a drawing, vertical lines are meridians, the
central horizontal line and the horizontal side of the rectangle represent a pair of disjoint
longitudes. An example of an equator is the union of horizontal lines at 1/4 and 3/4 of the
rectangle height.
Let G be a 6-regular embedded graph and let
C = v0e0v1e1 . . . ek−1vkek . . . en−1v0
be a cycle in G. We say that C runs straight ahead at vk if edges ek−1 and ek lie antipodally
along the cyclic order of embedded edges around vk . We call a cycle C geodesic if it runs
straight ahead at all its vertices.
Let Bp be the square of a 2 p-cycle
v0v1v2v3 . . . v2p−1v0,
that is, Bp is obtained by adding edges vivi+2 to the 2 p-cycle, where addition in indices
is modulo 2 p. A half-cycle in Bq is a cycle of length p which contains no edges of the
original 2 p-cycle. The graph Bq contains two such half-cycles, namely the even half-cycle
v0v2v4 . . . v0 and the odd one v1v3v5 . . . v1.
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Fig. 1. Graphs Ge7,3, G
e
8,4 and G
m
4,5.
Take an r -sequence of disjoint copies of Bp’s. Now identify odd half-cycles in the i th
and (i +1)th copy of Bp if i is odd, and also even half-cycles in the i th and (i +1)th copy of
Bp’s if i is even. Identifications should be made according to the labels of the vertices in the
half-cycles. Observe, that we did not identify vertices in the even half-cycle v0v2v4 . . . v0
of the first copy of Bp, and also the vertices of some half-cycle in the r th copy of Bq with
vertices v′δv′δ+2v
′
δ+4 . . . v
′
δ (where δ is 0 or 1 according to the parity of r , and ′ has been
added to the labels just to distinguish the vertices from those of the other nonidentified half-
cycle). The graph obtained so far will be denoted as Wp,r , and has a natural embedding
in the cylinder, where the nonidentified half-cycles serve as the boundary components.
We also define Wp,0 as the single p-cycle on vertices v0v2 . . . v2p−2v0 (and in this case
v′i = vi ).
The meridianal graphs Gmp,q(p ≥ 3, q ≥ 3) are constructed as follows: start with
Wp,q−1, and add edges of the form viv′δ+ j (δ ∈ {0, 1}) whenever i + j equals −2 or 0
modulo 2 p. These graphs have embeddings into the Klein bottle so that all q half cycles
are embedded as geodesic meridians.
The construction of equatorial graphs Gep,q (p ≥ 5, q ≥ 2) splits into two cases. If p
is odd, start with Wp,q−1 and add edges of the form vivi+p−1 and v′δ+iv′δ+i+p−1 where
i = 0, 2, 4, . . . , 2 p − 2 (δ ∈ {0, 1} and addition is modulo 2 p). If p is even, we take a
disjoint union of Wp,q−2 and two p2 -cycles u0u1u2 . . . u p/2−1u0 and u′0u′1u′2 . . . u′p/2−1u′0
and add edges uiv j and u′iv′δ+ j if and only if j equals one of 2i, 2i +2, 2i + p, or 2i + p+2.
The equatorial graphs admit an embedding into the Klein bottle where the original half-
cycles are embedded as geodesic equators.
Examples of graphs Gmp,q and Gep,q are shown in Fig. 1. Observe that both Gmp,q and
Gep,q contain exactly pq vertices. It can be seen from Fig. 1 that the face-width of Gmp,q
equals min{p, q}, and the face-width of Gep,q is equal to min{p/2, 2q}.
The following theorem presents a classification of 6-regular Klein bottlal graphs. For
the sake of completeness of this paper we include a sketch of its proof along similar lines
as in [13, 14].
Theorem 2.1. 6-regular graphs which embed in the Klein bottle are exactly graphs of the
form Gmp,q or Ger,s where p ≥ 3, q ≥ 3, r ≥ 5, and s ≥ 2.
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Fig. 2. Graphs Ge5,2, G
e
6,2 and G
m
3,3.
Sketch of proof. Choose a 6-regular Klein bottlal graph G. As the torus is a double
covering space of the Klein bottle and the plane is the universal covering space of both
the torus and the Klein bottle, we denote by GT the toroidal lift of G, and let the regular
triangular planar grid T be the planar lift of G. We consider T also as a geometric object,
not merely as a graph. The set of E(T ) is canonically partitioned into three classes of lines
(sets of disjoint straight ahead 2-way infinite paths).
Choose a vertex v in V (G) and let v0 be one of its lifts in T . Each closed walk starting
(and ending) at v lifts to a walk starting at v0 in T . The endvertices of all these walks fall
into two classes, regarding whether the original closed walk in G was orientation-reversing
or orientation-preserving. Let B denote the set of lifts of endvertices of orientation-
preserving walks and, similarly, let R denote the set of endvertices of orientation-reversing
walks.
There exists a skew reflection of the plane σ (σ is a composition of a reflection ρ and a
translation τ (as short as possible), so that the axis of ρ is parallel to τ ; this also implies that
ρ and τ commute) mapping B to R and also preserving T . Therefore there exists a class
of lines of T so that the axis of ρ is either parallel or orthogonal to this class. The former
option gives rise to equatorial graphs and the latter possibility gives rise to meridianal
graphs. 
Consider the graphs in Fig. 1 once again. Note that contracting thick edges produces
graphs Ge7,2, G
e
8,3 and G
m
4,4. On the other hand, contracting dashed edges produces
Ge5,3, G
e
6,4 and G
m
3,5. This is easy to see by observing the vertex depicted with a black
square, appearing also at lower left corners of these graphs. The reader shall have no
difficulty in finding at least one suitable set of edges (to contract) for every graph in K6
except Ge5,2, G
e
6,2 and G
m
3,3.
Observe that the Euler formula implies that for graphs embedded in N2 being 6-regular
is equivalent to having minimum degree at least 6.
Theorem 2.2. Minor-minimal 6-regular graphs which embed in the Klein bottle are
Gm3,3, G
e
5,2 and G
e
6,2, see Fig. 2.
Proof. It follows from the above discussion that every graph from K6 contains one of
Gm3,3, G
e
5,2 and G
e
6,2 as a minor. We have yet to show that these graphs are minorwise
incomparable.
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Note that graphs Gm3,3, G
e
5,2 and G
e
6,2 contain 9, 10, and 12 vertices, respectively. Let us
first argue that if G′ is a proper minor of G, and both G′ and G have minimum degree 6,
and are embedded in a surface Σ of Euler characteristic 0, then |V (G)| − |V (G′)| ≥ 3.
Contracting a single edge in G either produces a vertex v of degree 8 or a graph embedded
with face-width at most 2. The latter is not possible en route towards a minor (and
triangulation) G′. Therefore we have to contract at least two more edges to decrease the
degree of v down to six.
By the above argument it is only possible that Gm3,3 is obtained by contracting a set F of
three edges in Ge6,2, and, in order to get into a contradiction, we shall assume it henceforth.
Now, it also follows that the embedding of Gm3,3 is obtained by contracting the edges of F
in the Klein bottlal embedding of Ge6,2 (both are depicted in Fig. 2).
The graph Gm3,3 contains three disjoint geodesic meridians of length 3. They are obtained
via contraction of F from three disjoint meridians M1, M2 and M3 of Ge6,2. As no meridian
in Ge6,2 is of length 3, all Mi ’s are of length 4, each contains exactly one edge of F and no
Mi is geodesic. Since Ge6,2/F is a 6-regular graph, each pair of edges from F induces an
edge-deleted K4. It is not very difficult to see that this is impossible. 
The following result (indeed a stronger one) has been first proved in [10]. The sets of
minor-minimal 6-regular graphs can also serve as the proof:
Corollary 2.3. No 6-regular graph embeds in both the torus and the Klein bottle.
Proof. Minor-minimal toroidal 6-regular graphs are K7, K8−4K2, K9−C9 and K9−3C3,
[5, Theorem 2.4]. In particular, each of them has at most 9 vertices. As Gm3,3 = K9 −
C3 − C6, the sets of minor-minimal 6-regular graphs which embed in the torus and minor-
minimal 6-regular graphs which embed in the Klein bottle (Theorem 2.2) are disjoint. 
Negami [12] proved that 6-regular toroidal graphs are also 6-connected. Such a
statement does not hold for graphs in the Klein bottle. However, let S be a minimal
k-separator of a 6-regular Klein bottlal graph, where k ≤ 5. Then k = 5, and S induces an
equatorial cycle. Hence, graphs Ge5,k, k ≥ 3, are the only 6-regular graphs in Klein bottle
which are not 6-connected. As Ge5,2 does not contain an induced equatorial cycle of length
5, we have:
Corollary 2.4. Every 6-regular graph in the Klein bottle contains a 6-connected minor.
Minimal 6-connected graphs admitting an embedding in the Klein bottle are Ge5,2, G
e
6,2,
and Gm3,3.
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